We analyze the electronic structure of molecules which may exist in gas phase of chemical vapor deposition process for GeSbTe alloy using the electronic stress tensor, with special focus on the chemical bonds between Ge, Sb and Te atoms. We find that, from the viewpoint of the electronic stress tensor, they have intermediate properties between alkali metals and hydrocarbon molecules. We also study the correlation between the bond order which is defined based on the electronic stress tensor, and energy-related quantities. We find that the correlation with the bond dissociation energy is not so strong while one with the force constant is very strong. We interpret these results in terms of the energy density on the "Lagrange surface", which is considered to define the boundary surface of atoms in a molecule in the framework of the electronic stress tensor analysis.
I. INTRODUCTION
GeSbTe (GST) alloy is the most popular material for phase change memory (PCM) [1, 2] , which is one of the most promising candidates for the next-generation memory device.
So far, GST thin films are deposited by physical vapor deposition such as sputtering and pulsed laser deposition. However, chemical vapor deposition (CVD) of GST [3] [4] [5] has many advantages such as good step coverage, uniformity and high purity, and considered to be necessary for future PCM applications. The CVD process for GST is relatively a new field of research and there remains many things which are not clearly known. One of them is the chemical reactions in the gas phase of CVD process, and we have investigated reactions and molecules which may exist in the gas phase using quantum chemical calculation [6] . As the result of this study, we have obtained a data set of molecules which have bonds among Ge, Sb and Te. In this paper, we apply our electronic stress tensor analysis based on the Rigged QED (Quantum Electrodynamics) theory [7] [8] [9] [10] [11] [12] [13] to this data set, and investigate how these bonds can be described by the electronic stress tensor.
In general, the stress tensor, which describes a pattern of internal forces of matter, is widely used in various fields of science such as mechanical engineering and material science.
The use of stress tensor in quantum systems as well has been investigated for many years, by one of the earliest quantum mechanics papers [14, 15] and many researchers [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] including our group [7] [8] [9] [10] [11] [12] [13] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . In our past studies, we have shown that the electronic stress tensor and related quantities can be useful tools to analyze atomic and molecular systems and can give new viewpoints on the nature of chemical bonding.
We here introduce two of our findings which we wish to investigate more deeply using GST bonds in this paper. First, we have pointed out that we may characterize some aspects of a metallic bond or metallicity of a chemical bond in terms of the electronic stress tensor [32, 42] .
We have analyzed the bonding region in the small cluster models and periodic models of Li and Na using the electronic stress tensor, and have found that all the three eigenvalues of the stress tensor are negative and degenerate, just like those of liquid. This is in stark contrast to hydrocarbon molecules, which have the positive largest eigenvalue much larger than the other two negative eigenvalues. The eigenvalue pattern of Li and Na indicates a lack of directionality and compressive nature of bonding while that of hydrocarbon molecules indicates solid directionality and tensile nature of bonding. Each pattern well reflects the nature of metallic and covalent bonding. Then, the question worth asking is, how the chemical bonds between metalloid atoms like Ge, Sb and Te are described by the electronic stress tensor. Second, using the energy density which is defined from the electronic stress tensor, new definition of bond order has been proposed [32] . So far, we have investigated a correlation between this new bond order and bond distance [32] [33] [34] 40] , and have found that our bond order exhibits better correlation than the other bond orders proposed in the literature. We, however, have not investigated a correlation with a quantity related to energy. Therefore, we wish to investigate a correlation between our bond order and the bond dissociation energy, which is available in our data set as the dimerization energy of the CVD precursors. In addition, we compute a force constant for the GST bonds and examine a correlation with our bond order.
The structure of this paper is as follows. Sec. II summarizes our analysis method of electronic structures using the electronic stress tensor density. In Sec. III, we show the electronic stress tensor density and its eigenvalues of the GST bonds, and compare with those of hydrocarbon molecules and alkali metal clusters. We also investigate correlations between our bond order and energy-related quantities. Finally, Sec. IV is devoted to our conclusion.
II. THEORY
In the following section, we analyze chemical bonds using quantities such as the electronic stress tensor density and the kinetic energy density. They are based on the Rigged QED theory [8] and we briefly describe them in this section. The Rigged QED is a quantum field theory which has been proposed [8] to treat dynamics of charged particles and photons in atomic and molecular systems. In addition to the ordinary QED which contains the Dirac field for electrons and the gauge field for photons, the Schrödinger fields for atomic nuclei are included. More details are found in our previous papers [7, 8, [11] [12] [13] . Below, c denotes the speed of light in vacuum, the reduced Planck constant, e the electron charge magnitude (so that e is positive), and m the electron mass. The gamma matrices are denoted by γ µ (µ =0-3).
The most basic quantity in the Rigged QED is the electronic stress tensor density operator τ Π kl e (x) which is defined as follows [7] .
whereψ(x) is the four-component Dirac field operator for electrons, the dagger as a superscript is used to express Hermite conjugate, andψ(x) ≡ψ † (x)γ 0 . We denote the spacetime coordinate as x = (ct, r). The Latin letter indices like k and l express space coordinates from 1 to 3. Here, the gauge covariant derivative is defined byD e k (x) = ∂ k + i Zee cÂ k (x), where Z e = −1, andÂ k (x) is the vector potential of the photon field operator in the Coulomb gauge (divˆ A(x) = 0). The important property of this quantity is that the time derivative of the electronic kinetic momentum density operatorˆ Π e (x)
can be expressed by the sum of the Lorentz force density operatorˆ L e (x) and the tension density operatorˆ τ Π e (x), which is the divergence of the stress tensor density operator:
These operators are expressed as follows,
whereˆ E(x) andˆ B(x) denote the electric field operator and magnetic field operator respectively, andρ e (x) andˆ j e (x) are the electronic charge density operator and charge current density operator respectively.
For nonrelativistic systems, we approximate the expressions above in the framework of the Primary Rigged QED approximation [12, 13] , in which the small components of the four-component electron field are expressed by the large components asψ S (x) ≈ − 1 2mc i σ k D kψL (x) and the spin-dependent terms are ignored. Then, we take the expectation value of Eq. (3) with respect to the stationary state of the electrostatic Hamiltonian.
This leads to the equilibrium equation as
which shows the balance between electromagnetic force and quantum field force at each point in space. Since this expresses the fact that the latter force keeps the electrons in the stationary bound state in atomic and molecular systems, we can expect to study the nature of chemical bonding from the viewpoint of quantum field theory by using the stress tensor density and tension density. We express ˆ τ S e (x) and ˆ τ Skl e (x) respectively τ Sk ( r) and τ Skl ( r)
for simplicity (we also write only spatial coordinate r because we consider stationary state).
The explicit expression for the stress tensor density τ Skl ( r) and tension density τ Sk ( r) are
where ψ i ( r) is the ith natural orbital and ν i is its occupation number. ∆ denotes the Laplacian, ∆ ≡ 
We use a concept of "Lagrange point" [32] to characterize a bond between two atoms.
The Lagrange point r L is defined as the point where the tension density τ S ( r) vanishes,
We analyze chemical bonds by computing the eigenvalues of electronic stress tensor density at this point.
Another important quantity in the Rigged QED is the electronic kinetic energy density operator defined as [7] ,
As is done for the electronic stress tensor density operator, we apply the Primary Rigged QED approximation to Eq. (12) and take the expectation value with respect to the stationary state of the electrostatic Hamiltonian. Then, we obtain the definition for the electronic kinetic energy density as
Note that our definition of the electronic kinetic energy density is not positive-definite. Using this kinetic energy density, we can divide the whole space into three types of region: the electronic drop region R D with n Te ( r) > 0, where classically allowed motion of electron is guaranteed and the electron density is amply accumulated; the electronic atmosphere region R A with n Te ( r) < 0, where the motion of electron is classically forbidden and the electron density is dried up; and the electronic interface S with n Te ( r) = 0, the boundary between R D and R A , which corresponds to a turning point. The S can give a clear image of the intrinsic shape of atoms and molecules and is, therefore, an important region in particular.
Finally, in our analysis, we use the energy density ε S τ ( r) which is defined as a half of the trace of the stress tensor density [7] :
It can be regarded as the energy density in a sense that the integration over whole space gives usual total energy E of the system: ε S τ ( r)d r = E. This can be proved by using the virial theorem . Using this energy density ε S τ ( r), a new definition of the bond order (bond strength index) is proposed [32] . It is defined as ε S τ ( r) at the Lagrange point between two atoms. Our definition of bond order between atoms A and B is
One should note we normalize by the value of a H 2 molecule calculated at the same level of theory (including method and basis set).
III. RESULTS AND DISCUSSION

A. Data set and computational details
Our data set consists of 35 molecules (Table I, the leftmost column) which may exist in the gas phase of CVD process for GeSbTe alloy. They could be formed by reactions among GST precursors and/or H 2 carrier gas, and each of them has a bond between Ge, Sb or Te atoms. Their geometries and coordinates are given in the supplementary material ( Fig. S1 and Table S1 ). For the precursors, we assume tert-Butylgermanium (GeH 3 (tBu), Fig We also use Ge, Sb and Te crystal structures [53] [54] [55] as a reference data (see Table S3 in the supplementary material for the details). We use the norm-conserving pseudopotentials of
Troullier-Martins type [56] and the generalized-gradient approximation method by PerdewBurke-Ernzerhof [57] for density functional exchange-correlation interactions. Kinetic energy cutoff of plane-wave expansion (k-point) is taken as 40.0 hartree (2 × 2 × 2 k-point set).
The electronic structures used in this paper are obtained by Gaussian 09 [58] for cluster models and by ABINIT [59, 60] for periodic models. We use the QEDynamics package [61] developed in our group to compute the quantities described in the previous section such as
Eqs. (8), (9) and (13).
B. Electronic stress tensor and its eigenvalues
We begin by briefly reviewing our past works on the electronic stress tensor analysis which are related to the present paper. First, it has been proposed that a covalent bond can be described by the eigenvalues and eigenvectors of the electronic stress tensor [9] . In detail, the bonding region with covalency can be characterized and visualized by the "spindle structure", where the largest eigenvalue of the electronic stress tensor is positive and the corresponding eigenvectors form a bundle of flow lines that connects nuclei. As an example, we show a map of the largest eigenvalue of the electronic stress tensor including a region between C atoms of GeH 3 (tBu) in Fig. 2 (a) , where we can find the spindle structure. In passing, in Fig. 2 (b) , we show the tension density and the Lagrange point for the same C-C bond. Then, we have proposed that the negativity of the three eigenvalues of the stress tensor and their degeneracy, which is the same pattern as liquid, can characterize some aspects of the metallic nature of chemical bonding [32, 42] . In Ref. [42] , it has been shown that the three eigenvalues of the Li and Na clusters have almost same values while the hydrocarbon molecules have the largest eigenvalue much larger than the second largest eigenvalue, which has similar value to the smallest eigenvalue. In terms of the differential eigenvalues, the Li and Na clusters have very small τ and corresponding eigenvector on a plane which contains a bond between GST atoms in Fig.3 . We find a Lagrange point between each bond and its position is marked in the figure. A common feature we see in all the six panels is that the eigenvectors form a pattern which connects GST nuclei. However, not all of them are spindle structures. As for the Ge-Ge (panel (a)) and Ge-Sb (panel (d)) bonds, since they do not exhibit a positive τ S33 e region, they are called to have pseudo-spindle structures [40] . As for the Te-Te (panel (c)) and Sb-Te (panel (f)) bonds, although we may say they have spindle structures, the positive regions are not as conspicuous as the spindle structure of the C-C bond seen in Fig. 2 (a) .
As for the Sb-Sb (panel (b)) and Ge-Te (panel (e)) bonds, the positive τ In Fig. 4 , we plot τ S33 e at the Lagrange point against the bond distance for all the GST molecules. The original data are found in Table I . We see that τ at the Lagrange point in the order of Te > Sb > Ge, which is consistent with the tendency to form the spindle structure as mentioned above.
We next examine the differential eigenvalues of the electronic stress tensor at the Lagrange points. In Fig. 5 (a) , we show a scatter plot of τ for GST bonds, and, in Fig. 5 (b) , we in addition plot points for the hydrocarbon molecules, Li clusters, and Na clusters, which are taken from the data set studied in our previous paper [42] . We see that both τ . Thus, the degree of degeneracy can be summarized as Li, Na ≪ GST ≪ h/c. This is consistent with the usual classification of Ge, Sb and Te as metalloids, which are placed in between metals and non-metals. Further research may reveal that the electronic stress tensor density provides a new criterion to define metalloids based on the electronic structures.
Incidentally, we compute the electronic stress tensor of Ge, Sb, and Te crystals using periodic models. We compute the electronic stress tensor at the midpoint of two nearest neighborhood atoms (it is the Lagrange point by symmetry). The results are summarized in Table II 
C. Bond order and force constant
We briefly review our past works [32] [33] [34] 40] on our bond order b ε (Eq. (15)), which is defined using concepts based on the Rigged QED. First, it has been pointed out [32] that b ε of a single, double, and triple bond between carbon atoms in hydrocarbons is close to 1, 2 and 3 respectively, consistent with a conventional bond order. Also, b ε of the C-C bond in a benzene molecule is close to 1.5. However, it has been also reported that b ε of some diatomic molecules overestimate or underestimate the conventional bond order, e.g., b ε of N 2 is 7.462.
Then, in Ref. [33] , the correlation between b ε and bond distance r e has been investigated using various simple organic compounds. By comparing with other bond orders proposed in the literature, b ε is found to have a comparable or better correlation. This has been also shown using hydrogenated Pt [34] and Pd [40] clusters. We, however, have not investigated a correlation between b ε and a quantity related to energy. Therefore, we here compute the bond dissociation energy B and force constant k of the GST bonds, and investigate the correlations with b ε .
The results are summarized in Table III . k is calculated based on the directional derivative of a total energy E of a molecule with respect to the bond direction s. Namely, it is computed using force constant matrix
The scatter plots of b ε versus r e , B, and k are shown in Fig. 6 . We can see that b ε is negatively correlated with r e and positively correlated with k and B, consistently with the usual notion of bond order. In fact, their correlation coefficients are −0.968, 0.570, and 0.910, respectively
for r e , B, and k. Since we need to know the energy when two fragments of a molecule are infinitely apart to compute B, it is reasonable not to find a strong correlation between b ε and B. Note that b ε is defined only using the quantities at the equilibrium structure. On the other hand, the reason why the correlation with k is very strong may be understood as follows.
The meaning of k, often called a spring constant, is how much energy we need to stretch the bond by an infinitesimal distance. It can be expressed as kδ 2 /2, where δ denotes the infinitesimal displacement. We may interpret this energy using our energy density ε S τ ( r) (Eq. (14)) and the "Lagrange surface" [11, 12] which is defined as a separatrix in the tension density τ S ( r) (Eq. (9)). The vector field of τ S ( r) generally has a pattern in which vectors originate from atomic nuclei, and they collide to form separatrix. See Figs. 2 (b) or 7 (a).
We call this separatrix the Lagrange surface and regard it as the boundary of atoms in a molecule. In Fig. 7 (a 
where S AB denotes the Lagrange surface between atoms A and B, and investigate the correlation with k (Fig. S3 (c) (Fig. 7 (a) and Fig. S2 in the supplementary material) . Then, we plot ε S τ ( r) against the distance from r L for the points which constitute the Lagrange surface. The example of this plot for the GeH 3 -SbH 2 molecule is found in Fig. 7 (b) . Actually, we plot ε S τ ( r) divided by the energy density of a hydrogen molecule at its Lagrange point so that the value at r L (i.e. | r − r L | = 0) becomes b ε . In the figure, we also plot the result of the fit to the Gaussian function b ε exp {−α| r − r L | 2 } where the exponent α is the fitting parameter.
The figure shows that ε Table III and Fig. S5 ) and the average and standard deviation of the exponent are computed to be 1.31 and 9.40 × 10 −2 , respectively. Therefore, as for the GST bonds, we can say that the energy density distribution over the Lagrange surface is expressed by the Gaussian functions with a common exponent, which
. As a further test for the idea that b ε(S) is proportional to the force constant, we examine homonuclear diatomic molecules, from H 2 to I 2 excluding the group 18 elements. We use experimental values for r e , B, and k as is summarized in Table IV . B is the energy of the ground state atomic products relative to the lowest existing level of the molecule, often denoted by D 0 . k is converted from the frequency ω (which is also shown in the table) [65] , and r e and ω of In 2 from Ref. [70] . b ε and b ε(S) are computed with the same setups as the GST bonds, and shown in Table IV . We first study how much b ε is correlated with r e , B, and k. Finally, some comments on the correlations of r e and B with our bond orders are in order.
First, the correlation coefficient between r e and b ε is −0.968 for the GST molecules and other in general, we do not expect a very strong correlation between B and k. Then, the relatively low value of correlation coefficient of the GST data is reasonable while that of the homonuclear diatomic molecules data is unexpectedly high. The latter may be understood by a universality of potential energy curve for diatomic molecules (e.g. [75] [76] [77] ), which has been studied for a long time. It is, however, an empirical relation at this stage and the discussion of its relevance here is beyond the scope of this paper.
IV. CONCLUSIONS
We have analyzed the electronic structure of 35 molecules which may exist in gas phase of CVD process for GeSbTe alloy using the electronic stress tensor, with special focus on the chemical bonds between Ge, Sb and Te atoms. Our study consists of two parts. First, we have studied the pattern of the eigenvalues and eigenvectors of the electronic stress tensor density of the GST bonds. Next, we have computed the bond order which is defined by the stress-tensor-based energy density for the GST bonds, and have investigated the correlation with the energy-related quantities such as the bond dissociation energy and force constant.
In the first part, we have found that, from the viewpoint of the electronic stress tensor density, GST bonds exhibit intermediate properties between alkali metals and hydrocarbon molecules. This is illustrated by the sign and degeneracy pattern of the three eigenvalues of the electronic stress tensor density at the Lagrange point between two atoms. In our previous studies, we have pointed out that the negative and degenerate eigenvalues, which indicate a lack of directionality with the compressive stress, characterize some aspects of metallicity of chemical bonding. By contrast, the positive largest eigenvalue and much smaller negative other two eigenvalues, which indicates a solid directionality with the tensile stress in that direction, characterize covalency. The former pattern has been typically found in the alkali metals and the latter in the hydrocarbon molecules. Our results in the present paper suggest that the GST bonds can be located in between metallic bonding and covalent bonding in terms of their electronic stress tensor. This is consistent with the usual classification of Ge, Sb and Te as metalloids, which have intermediate properties between metals and nonmetals.
In the second part, we have found that the correlation of our bond order with the bond dissociation energy is not so strong, while one with the force constant is very strong. We have interpreted this results in terms of the energy density on the "Lagrange surface", which is considered to define the boundary surface of atoms in a molecule in the framework of the electronic stress tensor analysis. In this study, we have found that both of our definitions of bond order b ε and b ε(S) , where the former uses the energy density at the Lagrange point while the latter involves the integration over the Lagrange surface, have strong correlation with the force constant. We have argued that, if the interpretation above is correct, b ε(S) is the one which is more directly connected with the force constant, and the strong correlation of the force constant with b ε follows from that with b ε(S) . In fact, we have shown that b ε(S) /b ε does not vary much among the GST bonds, which originate from the fact that the energy distributions on the Lagrange surface of the GST bonds can be well expressed by Gaussian functions centered at the Lagrange point and with a common value of the exponent. As the results of this study, it is hinted that the stress-tensor-based energy density can be related not only to the total energy but also to the force constant by combining with another Rigged QED concept, the Lagrange surface.
In our future work, regarding the first part, we wish to apply the electronic stress tensor analysis to the other elements which are conventionally classified as metalloids, B, Si and As, to see whether it can provide a criterion to define metalloids. For that purpose, it is also necessary to extend the analysis to the elements nearby metalloids in the periodic table.
We also wish to apply the electronic stress tensor analysis to transition metals, ionic bonds, hypervalency, and so on, to strengthen its usefulness. It would enable us to deepen our understanding of the nature of chemical bonding. As for the second part, a further direction of the study will be to provide more evidence for our results by using other types of molecules.
If the relation concerning the force constant, which is an experimental observable derived from a vibrational spectrum, is established in general, it would help to solidify such ideas as the stress-tensor-based energy density and Lagrange surface. In the end, we would like to emphasize that our studies are based on the quantities defined at each point in space, which originate from the quantum field theoretic consideration and not from the electron density.
We believe that our method will lead us to new and beneficial views on chemical systems. (17)). α is a fitting parameter for the energy density distribution on the Lagrange surface (see the text for the details). 
FIG. 4:
The relation between bond distance and the largest eigenvalue of the electronic stress tensor at the Lagrange point. The labels with"bulk" in the subscripts denote that they are computed for the crystal structures. 
